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The main motor symptoms of Parkinson’s disease (PD) can be treated by the Deep Brain Stimulation (DBS)
treatment, which consists in a permanent stimulation of targeted brain structures through implanted electrodes [1].
While it is known [5] that PD motor symptoms are linked to persistent beta oscillations in the subthalamic nucleus
(STN), the DBS action mechanism is not yet fully understood. Several attempts have been made to optimize DBS,
by relying on real-time measurements of the brain activity: see [3] for a recent survey.
Among these attempts, a ﬁring-rate regulation strategy has been adopted in [7]: it consists in injecting a stimu
lation signal proportional to the low frequencies of the STN activity. This closed-loop DBS strategy was shown to
e↵ectively disrupt pathological oscillations in the basal ganglia model proposed in [6]. Nonetheless, three important
practical features were neglected in that work, namely the spatial heterogeneity of the activity within basal ganglia,
the impossibility to measure the activity at each point of the targeted structure, and the local nature of the inﬂuence
of the stimulation signal.
In this work, we aim at deepening the analysis of this closed-loop DBS strategy by modeling the two neural
populations involved, namely the STN and the external part of the globus pallidus (GPe), as neural ﬁelds. Due to
its integro-di↵erential structure, the neural ﬁeld equation describes the evolution of the neural population activity
not only in time, but also in space. It also takes into account the time needed for axonal transport by involving
position-dependent delays. According to this model, the activity xi of the population i 2 {1, 2} (either STN or GPe)
at time t and position r 2 ⌦ is ruled by
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where fi is the activation function, wij (r, r0 ) is the synaptic weight from the position r0 in population j to the position
r in population i, dj (r, r0 ) is the time needed for the activity of the j-th population at r0 to reach position r due to
axonal delays, and Iiext is the external input to the i-th neural population (e.g. from other brain areas). Neural ﬁelds
have been used in several studies (see [2] for a survey), and a theoretical framework to study their stability has been
proposed in [4] based on Krasovskii-Lyapunov functionals.
The peculiarity of the model above is that it explicitly takes into account the control signal u(r, t) that arises from
the implanted electrode. Since the DBS signal does not impact the whole neural population in a homogeneous manner
(for instance, due to medium resistivity), it is multiplied by a function ↵i (r), which can vanish on some portions of
the population if they are situated too far from the stimulation point. We also assume that only the STN population
is targeted by the DBS signal, meaning that ↵2 (r) = 0 for all r 2 ⌦ if population 2 denotes the GPe.
Similarly to [7], we take the closed-loop DBS signal proportional to the STN activity, meaning that
u(r, t) =
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where kc denotes a positive gain and xref
1 is a targeted rate distribution. We stress that the implementation of this
DBS signal does not require any measurement in GPe.
Our main result states that, by picking the feedback gain kc sufficiently large, the closed-loop DBS strategy
(2) globally stabilizes the nonlinear delayed neural ﬁeld (1), thus impeding sustained oscillations, provided that the
unmeasured and unactuated population (GPe) does not generate endogenous oscillations on its own. The latter
assumption is reasonable as PD pathological oscillations are believed to be induced by too strong synaptic gains
between STN and GPe, rather than by a spontaneous generation within any of these populations [6]. Numerical
simulations conﬁrm these theoretical expectations, by showing that pathological oscillations in (1) are efficiently
counteracted once the closed-loop DBS signal (2) is activated.
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