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Cortical networks are often investigated by using ﬁring rate neural ﬁeld models. The most well-known and simplest
model describing the neural ﬁeld dynamics is the Amari model [1]
Z
@t u(t, x) = °u(t, x) + !(x ° y)f (u(t, y))dy, t ∏ 0, x 2 ≠ µ Rn .
(1)
≠

Here u(t, x) denotes the activity of a neural element at time t and position x. The connectivity function !(x)
determines the coupling between the elements and the non-negative function f (u) gives the ﬁring rate of a neuron
with activity u. Typically f is a smooth function that has sigmoidal shape. Particular attention is usually given to the
localized stationary, i.e., time-independent, solutions to (1) (so-called ”bumps”), as they correspond to normal brain
functioning. Faugeras et al [2] proved existence and uniqueness of the stationary solution to (1) as well as obtained
conditions for this solution to be absolutely stable, for the case of a bounded ≠. A common simpliﬁcation of (1)
consists of replacing the smooth ﬁring rate function by the Heaviside function. This replacement simpliﬁes numerical
investigations of the model as well as allows to obtain closed form expressions for some important types of solutions
(see e.g. [1, 3]). Stability of the stationary solutions to (1) is usually assessed by the Evans function approach (see
e.g. [4]). However, no rigorous mathematical justiﬁcation of the passage from a smooth to discontinuous ﬁring rate
functions in the framework of neural ﬁeld models was given until the work by Oleynik et al [5], where continuous
dependence of the 1-bump stationary solution to (1) under the transition from a smooth ﬁring rate function to the
Heaviside function was proved in the 1-D case. The pioneering work by Coombes et al [6] introduced the following
development of (1): the homogenized Amari model describing the neural ﬁeld dynamics on both macro- and micro
levels
Z Z
@t u(t, x, xf ) = °u(t, x, xf ) +

≠ Y

!(x ° y, xf ° yf )f (u(t, yc , yf ))dydyf , t ∏ 0, x 2 ≠, xf 2 Y Ω Rk .

(2)

Here xf is the ﬁne-scale spatial variable and Y is some torus. Existence and stability of the stationary bump solutions
to (2) in 1-D was investigated in [7] for the case of the Heaviside ﬁring rate function. In the present research we
extend the results of [5] to the homogenized Amari model and, in addition to the single bumps in 1-D, consider
symmetric 2-bumps in 1-D and rotationally symmetric bumps in 2-D. We formulate the following two theorems: the
theorem on continuous dependence of the solutions to (2) under the transition from a smooth ﬁring rate function to
the Heaviside function and the theorem on solvability of the equation (2) based on topological degree theory. The
topological degree has been calculated for the single bump solutions in 1-D, symmetric 2-bump solutions in 1-D and
rotationally symmetric bumps in 2-D.
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