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We have investigated key statistical properties of systems that can be described by the ﬁltering of shot noise in
put through a ﬁrst-order Ordinary Di↵erential Equation (ODE) with variable coefficients. Such systems give rise to
ﬁltered shot noise processes with multiplicative noise. Filtered shot noise processes have proven to be very e↵ective in
modelling the evolution of systems exposed to stochastic shot noise sources, and have been applied to a wide variety
of ﬁelds ranging from electronics through biology [1, 2, 3]. In particular, ﬁltered shot noise processes can model the
membrane potential Vm of neurons driven by stochastic input [4, 5], where they are able to capture the non-stationary
characteristics of Vm ﬂuctuations in response to pre-synaptic input with variable rate. Previous work has often focused
on the stationary regime of shot noise conductances with constant rate, and an exact analytical solution has been
obtained for the mean and joint moments of exponential shot noise [6, 7]. However, many neuronal systems evolve in
non-stationary regimes driven by shot noise with variable input rate. A typical example is provided by visual system
neurons that receive pre-synaptic input with time-varying rate that reﬂects an evolving visual landscape. Poisson
Point Processes (PPP) provide a natural model of random input arrival times that are distributed according to a
Poisson law that may vary in time.
The key idea of our approach is to express the ﬁltered process as a transformation of random input arrival times and
to apply the properties of PPP transformations to derive its non-stationary statistics. We ﬁrst identiﬁed the causal
PPP transformation that corresponds to ﬁltered shot noise with multiplicative noise. We investigated the statistical
properties of this transformation to derive the exact analytical solution for the joint cumulants of the ﬁltered process
with variable input rate. Excellent agreement with numerical simulations was found for the mean and second order
cumulants.
The analytical expressions for the non-stationary cumulants are somewhat complex and may render more challenging
further analytical work. We therefore propose an approximation based on a power expansion around the deterministic
solution of the system, that is expressed in the central moments of the integrated shot noise process. This approxima
tion yields excellent results for biologically-plausible parameters and in particular for highly non-stationary regimes.
These general results were then applied to a simple model of sub-threshold membrane potential Vm ﬂuctuations subject
to shot noise conductance with continuously variable rate of pre-synaptic spikes. Excellent agreement with numerical
simulations was found for the mean and second order cumulants for both the exact analytical solution and the second
order of the central moments expansion. The second order of this approximation is consistent with previously pub
lished analytical estimates of mean and standard deviation of stationary Vm [8, 9, 10], and provides an extension to
arbitrary (but well-behaved) shot noise kernels.
We show that the time-evolving density of synaptic conductances and membrane potential can be very accurately
approximated by the a third order Edgeworth expansion using the non-stationary cumulants. Finally, we use the
Slivnyak-Mecke Theorem [11] to extend this formalism to multiple independent shot noise inputs, which enables direct
applications for neuronal membrane models with di↵erent synapse types (such as excitatory and inhibitory synapses).
Other extensions include the analytic treatment of correlated shot noise inputs and the statistical e↵ects of a↵erent
network inhomogeneities.
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